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A SELF-SIMILAR SOLUTION TO THE PROBLEM OF THE EXPANSION 
OF A CYLINDRICAL COLUMN OF CONDUCTING GAS 

I N  A LONGITUDINAL MAGNETIC FIELD 

A. N. Cherepanov and V. I. Yakovlev 

ABSTRACT. 
c y l i n d r i c a l  column of conducting gas  is considered i n  a t i m e -  
v a r i a b l e  l o n g i t u d i n a l  magnetic f i e l d .  

On t h e  assumption of t h e  p r o p o r t i o n a l i t y  of s tatic pres-  
s u r e  of t h e  plasma on t h e  boundary of t h e  column t o  t h e  exter- 
n a l  magnetic p re s su re ,  accura te  s o l u t i o n s  t o  a system of equa- 
t i o n s  of magnetohydrodynamics a r e  found by t h e  method of vari- 
a b l e  d i v i s i o n .  Some numerical  c a l c u l a t i o n s  are performed and 
t h e  energy c h a r a c t e r i s t i c s  are computed f o r  t h e  i n t e r a c t i o n  
process .  Dependences of t h e  r a t i o  of t h e  u s e f u l  work perform- 
ed by t h e  gas i n  an i n f i n i t e  t i m e  i n t e r v a l  t o  t h e  i n i t i a l  
energy of t h e  column on t h e  magnetic Reynolds number are pre- 
sen ted .  It should be  noted t h a t  a s i m i l a r  method w a s  employed 
i n  [l], where, i n  a d d i t i o n  t o  averaging t h e  c ros s - sec t iona l  
temperature,  t h e  i n e r t i a  of the medium i s  d is regarded;  t h e  cal- 
c u l a t i o n  of i n e r t i a  l eads  t o  the requirement of p r o p o r t i o n a l i t y  
of t h e  s t a t i c  p res su re  t o  t h e  magnetic p re s su re  on t h e  boundary 
of t h e  column. 

A phys i ca l ly  similar model can, f o r  example, b e  i n t e r p r e t -  
ed as t h e  expansion of a compressed conducting gas column i n  a 
nonconducting uncompressed f l u i d  s i t u a t e d  i n  a permeable cy- 
l i n d e r  wi th  a c e r t a i n  r ad ius  R which is  i n f i n i t e  wi th  r e s p e c t  
t o  i t s  a x i s  of symmetry. Then t h e  requirement of propor t iona l -  
I t y  of s t a t i c  p res su re  t o  magnetic pressure  i s  reduced t o  t h e  
cond i t ion  of external p res su re  v a r i a t i o n  on t h e  boundary of a 
permeable c y l i n d e r  w i th  r ad ius  R according t o  a s p e c i f i c  l a w ,  
which may be  e a s i l y  determined. 

Nonstat ionary r a d i a l  motion of an i n f i n i t e l y  long /14* 

W e  s h a l l  make t h e  fol lowing assumptions. 

(1) The conduct iv i ty  of t h e  gas i s  f i n i t e  and is  determined by t h e  tempera- 
t u r e  

./ -- 

(2) The gas is  i d e a l ,  and v i s c o s i t y  and c a l o r i c i t y  are n o t  taken  i n t o  ac- 
count. 

(3)  Displacement c u r r e n t s  are d is regarded  everywhere. I n  p a r t i c u l a r ,  i t  
i s  considered f e a s i b l e  t o  a s s i g n  an a r b i t r a r y  l a w  of v a r i a t i o n  i n  i n t e n s i t y  of 
t h e  magnetic f i e l d  on t h e  external boundary of an  expanding c y l i n d r i c a l  column, 

*Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  f o r e i g n  t e x t .  
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not considering the electromagnetic waves in the external nonconducting space. 
The latter is valid if the rate of expansion is slightly less than the velocity 
of light. 

( 4 )  A static pressure proportional to the external magnetic pressure is 
maintained on the external boundary of the column. 

The last requirement is associated with the condition of self-similarity 
of the problem in the sense of variable division. 

1. Fundamental equations. Under assumptions (1)-(3), a system of magneto- 
hydrodynamics 
form: 

equations in a cylindrical coordinate system has the following 

,u. “ I )  1 
Here H(r, t) and v(r, t) are the longitudinal and radial vector compon- /15 ents H* and O*, respectively. 

(d/dz Z 0, d/d9 
of proportional expansion, i.e., 

There are no other vector components H and 2, 

0). We shall seek a solution which satisfies the condition 

where a ( & )  is the unknown law of motion of the boundary of the cylindrical col- 
umn. 

We shall introduce the following notations: 

The following scales have been adopted here for dimensionless quantities: 
H 
of time; a. is the initial radius of the column; T 
boundary of the column at the initial moment of time; 2, 

is the field intensity on the boundary of the column at the initial moment 

is the temperature on the 
0 

0 
is the characteristic 0 

*Translator’s note: These are printed in boldface in the Russian text. 
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v e l o c i t y ;  0 is  t h e  conduct iv i ty  a t  temperature T W e  s h a l l  p re sen t  equat ions  

(l.l), 4 1 . 2 )  and (1 .3 )  i n  t h e  fol lowing form: 
0 0' 

The t h i r d  equat ion  of system (1.4) can be  i n t e g r a t e d .  We then  o b t a i n  

Here Q(t) i s  a c e r t a i n  func t ion  of 5 .  Using (1.5) and in t roduc ing  new 
unknown func t ions  

t h e  remaining equat ions  can be  w r i t t e n  i n  t h e  fol lowing form: . 

W e  s h a l l  f i n d  t h e  p a r t i c u l a r  s o l u t i o n  t o  system (1.7) i n  t h e  fo l lowing  
form: 

(i.e.,  t h e  s e l f - s i m i l a r  s o l u t i o n  [l]); w e  s h a l l  then  cons ider  t h a t  

It i s  easy t o  n o t e  t h a t  t h e  d i v i s i o n  of t h e  v a r i a b l e s  i n  equat ions  (1.7) 
i s  p o s s i b l e  under t h e  fol lowing condi t ion:  

(1.10) 
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The cons tan t  i n  t h i s  case i s  equal  t o  1 by v i r t u e  of (1.9) and t h e  i n i t i a l u  
cond i t ion  ' 

___- 
(1.11) 

It fo l lows  from (1.10) t h a t  t h e  r a t i o  of s t a t i c  p res su re  t o  magnetic pres-  
s u r e  f o r  each given p a r t i c l e  i n  t h i s  case i s  a cons tan t  which does n o t  depend on 
t i m e .  This  cond i t ion  i s  s a t i s f i e d  i f  a p re s su re  is  maintained on t h e  e x t e r n a l  
boundary of t h e  c y l i n d r i c a l  column which i s  p ropor t iona l  t o  t h e  magnetic pres -  
s u r e  (assumption ( 4 ) ) .  

A f t e r  s u b s t i t u t i n g  (1.8) i n t o  system (1.7), us ing  condi t ion  (l.lO), and 
d iv id ing  t h e  v a r i a b l e s ,  t h e  fol lowing two systems of equat ions  are obtained:  

f o r  t h e  func t ions  Z'(T), V(T), G ( T ) ,  and A ( T )  

(1.12) 

f o r  t h e  func t ions .X(S) ,  Y ( S ) ,  Z(E),  and @ ( E )  

(1.13) 

Here a, f3, 1-1, and $ are c e r t a i n  constants .  I n  view of t h e  adopted scalar 
q u a n t i t i e s  and t h e  s t anda rd iz ing  condi t ions  (1.9) f o r  func t ions  of T, t h e  bound- 
a r y  cond i t ions  f o r  t h e  space func t ions  w i l l  be  t h e  fol lowing:  

where g des igna te s  t h e  r a t i o  of s ta t ic  pressure  t o  magnetic p re s su re  on t h e  
boundary of t h e  column under considerat ion.  On t h e  b a s i s  of (1 .9) ,  t h e  con- 
s t a n t  $ from t h e  l as t  equat ions  (1.12) and (1.13) should be  equa l  t o  un i ty .  

2. I n t e g r a t i o n  of t h e  systems of equat ions obtained.  The unknown func- 
t i o n s  should s a t i s f y  n o t  only t h e  systems of equat ions  ( l . l Z ) ,  b u t  a l s o  an  addi-  
t i o n a l  cond i t ion  ( l . l O ) ,  which i s  necessary f o r  ob ta in ing  t h e  considered p a r t i -  
c u l a r  s o l u t i o n ;  t h e r e f o r e ,  t h e  cons tan ts  a, 13, and p cannot be  a r b i t r a r y .  In- 
deed, l e t  us  f i r s t  examine t h e  systems of equat ions  f o r  t h e  func t ions  of t h e  
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v a r i a b l e  T .  I n  p l a c e  of func t ion  G ( T ) ,  i n  a l l  equat ions  (1.12) w e  s h a l l  s u b s t i -  
t u t e  i t s  express ion  by A ( T )  and Y ( T )  from (1.10). 

Then, f o r  t h e  unknowns T ( T ) ,  V ( t ) ,  and A ( T ) ,  w e  w i l l  have a system of f o u r  
* equat ions  

. -- __ - 

I_. . . - - - - ~  

The number of equat ions  i s  g r e a t e r  than t h e  number of unknowns; t h e r e f o r e ,  
t h e  system can be compatible only i n  t h e  presence of d e f i n i t e  r e l a t i o n s h i p s  be- 
tween t h e  cons t an t s  a, B, and 1~.. In order  t o  o b t a i n  t h e s e  r e l a t i o n s h i p s ,  w e  
s h a l l  examine t h e  l a s t  t h r e e  equat ions of system ( 2 . 1 ) ;  w e  then  have 

We s h a l l  d i f f e r e n t i a t e  t h e  l a s t  equat ion and w r i t e  it i n  t h e  fol lowing /17 
form: 

S l lh s t i t u t ing  B ( T )  frm ( 2 . 2 )  i n t o  the  f i r s t  equa t ion  of system- (2 -1) ,  we 
o b t a i n  another  equat ion  f o r  A ( T )  

For cornpatabi l i ty  of system ( 2 . 1 ) ,  equat ions ( 2 . 4 )  and ( 2 . 5 )  should be  
i d e n t i c a l .  It i s  necessary t o  cons ider  the  2 cases s e p a r a t e l y .  

F i r s t  case: a # 0. W e  s h a l l  equate  t h e  exponents wi th  r e s p e c t  t o  A ,  and 
a l s o  t h e  cons tan t  f a c t o r s  i n  t h e  right-hand s i d e s  of t h e s e  equat ions  ( 2 . 4 )  and 
( 2 . 5 ) .  

A s  a r e s u l t ,  w e  o b t a i n  

The express ion  f o r  B w a s  used i n  t h i s  case t o  d e r i v e  t h e  express ion  f o r  a. 
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Thus, from t h e  t h r e e  cons tan ts  a ,  (3, and u ,  only one of them w i l l  be  inde- 
pendent.  From equat ion  (2.3) and condi t ions (1.11) and (2.6), w e  have 

*- 

m-1 v ,,,r:*fp 
I T (g) 5 k=i- 

(2.11) 

t i a l  

t h a t  

It fo l lows  from equat ions  (2.2) t h a t  
__ .___ - ~ 

-i (2 8 )  
m zn(x+z-l) 

T (T) = A G 1 ,  v (r) = h ,*n+i 
L- ---___ 

The independent cons tan t  1 ~ -  i n  (2.7) is  expressed by t h e  dimensionless  i n i -  
v e l o c i t y  k = h ' ( 0 ) .  

Second case: a = 0. The i d e n t i t y  of equat ions  (2.4) and (2.5) r e q u i r e s  
t h e  cons tan t  f a c t o r  i n  t h e  right-hand s i d e  of equat ion  (2.4) be equal  t o  

0.  There are two p o s s i b i l i t i e s  f o r  this.  

The f i r s t  p o s s i b i l i t y ,  2726 - 1 ~ -  = 0,  l eads  t o  a t r i v i a l  s o l u t i o n ,  i .e.,  
A '  ( T )  E 0. The second one, 2n$ (2wn - 1) + p (1 - 2n) = 0 ,  g ives  

Here 

(2.10) 

A s  fo l lows  from (2.8) and (2.11), the s o l u t i o n  obta ined  i s  cha rac t e r i zed  
by t h e  f a c t  t h a t  t h e  e x t e r n a l  magnetic f i e l d  ( i . e . ,  t h e  magnetic f i e l d  on t h e  
e x t e r n a l  s u r f a c e  of t h e  column) does n o t  remain cons t an t ,  bu t  drops as t h e  r ad i -  
us  of t h e  column inc reases .  Indeed, 

3. Solu t ion  t o  system of equat ions  (1.13) f o r  space func t ions .  F i r s t  as 
case: a = 0. From t h e  f i r s t  equa t ion  of system (1.13), when a = 0 ,  and under 
t h e  boundary condi t ions  (1.14),  w e  have 

-1 -- 

- 1  (3  1) q1 = 4 + Q 
I_ _ _  Y (E) = q 1  - z2 (E). 

-- - 
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From t h e  t h i r d  equat ion  of system (1.13), using (3.1) ,  w e  o b t a i n  

, (3.2) 

W e  s h a l l  s u b s t i t u t e  t h i s  express ion  i n t o  t h e  second equat ion  of system 
(1.13); u s ing  ( 2 . 9 ) ,  w e  o b t a i n  

The boundary condi t ions  f o r  t h i s  equat ion are expressed i n  t h e  fo l lowing  
form: 

The second condi t ion  i s  obta ined  from the t h i r d  equat ion  of system (1.13) 
and t h e  boundary condi t ions  (1.14) f o r  the func t ions  X ( 5 )  and Y ( 5 ) .  

W e  s h a l l  i n t roduce  a new independent v a r i a b l e ,  x = I n  5, f o r  t h e  s o l u t i o n  
t o  equat ion  (3.3);  f o r  t h e  func t ion  u(z)  = Z(E), w e  o b t a i n  

This equat ion  does not  con ta in  a c l e a r l y  independent v a r i a b l e  x. There- 
f o r e ,  w e  s h a l l  in t roduce  a new func t ion ,  (P(u) = u'; we then  o b t a i n  t h e  follow- 
i n g  f o r  t h e  unknown P: 

Since x = 0 when 5 = 1, t h e  boundary condi t ion  is obta ined  from (3.4) 

The s o l u t i o n  t o  equat ion  (3.5) has  the  fo l lowing  form: 



Since  9 = du/dx, w e  f i n d  t h e  following from (3.6) and t h e  condi t ion  t h a t  
b u(0 )  = 1: 

Hence, t h e  sought  s o l u t i o n  t o  equat ion (3.3) i s  obta ined ,  which s a t i s f i e s  
cond i t ions  (3.4) 

The r a t i o  k/u which e n t e r s  h e r e  through t h e  express ion  (3.7) f o r  K is  es- 
s e n t i a l l y  t h e  magnetic Reynolds number, s i n c e  

Having des igna ted  t h e  va lue  of 2 by 2 when 5 = 0 ,  from (3 .8)  and t ak ing  - /19 0 
i n t o  account (3.7) , w e  have 

(3.10) 

This  g ives  t h e  dependence of 2 on the  magnetic Reynolds number R . By 0 m 
us ing  t h i s  r e l a t i o n s h i p ,  t h e  express ion  f o r  Z(<)  can be  w r i t t e n  i n  t h e  follow- 
i n g  form: 

(3.11) 

Thus, f o r  t h e  case of a = 0,  t h e  system of equat ions  f o r  t h e  space func- 
t i o n s  a l s o  can be i n t e g r a t e d  t o  t h e  end ( the  s o l u t i o n  t o  Y ( S )  i s  given by fo r -  
mula (3 .1) ,  by formula (3.2) f o r  X ( c ) ,  and t h e  s o l u t i o n  t o  @(<) is obta ined  from 
t h e  f o u r t h  equat ion  of system (1.13)) .  

Second case: a # 0. The cons tan ts  a,  B ,  and p, i n  system of equat ions  
(1.13),  according t o  (2.6) and (2.7) ,  a r e  determined as s i n g l e  va lues  by assign- 
i n g  t h e  dimensionless  i n i t i a l  v e l o c i t y  k = h ' ( 0 ) .  System (1.13) can n o t  b e  ana- 
l y t i c a l l y  i n t e g r a t e d ;  t h e r e f o r e ,  w e  s h a l l  reduce i t  t o  a form s u i t a b l e  f o r  nu- 
merical s o l u t i o n  on a computer. 

e 
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To do t h i s ,  w e  express  the  func t ions  @(e) and X ( S >  from t h e  last two equa- 
b t i o n s  of system (1.13) by Y ( S )  and Z ( 6 ) ;  w e  then  have 

S u b s t i t u t i n g  t h e s e  express ions  i n t o  t h e  f i r s t  two equat ions  of system 
(1.13), w e  o b t a i n  a system of two equat ions f o r  t h e  func t ions  Y ( S )  and Z(<) 

(3.13) 

W e  s h a l l  s u b s t i t u t e  t h e  independent v a r i a b l e  x = t2 and s h a l l  reduce equa- 
t i o n  (3.13) t o  t h e  fol lowing form: 

I 
+ p] = DZ-l/nyl+Aln (2 #)-'in ' 

' = \  
i 2s 

D (an $t i)-(.tl)lP (,*)'if r+7-')1'*2 (3.14) 
k- 

W e  s h a l l  i n t roduce  new unknown funct ions  

(3.15) 

W e  then  o b t a i n  a system of equat ions f o r  t h e  unknowns +(x), Z(z)  and ?(x) 
from equat ions  (3.14): 

, . -, 

On t h e  b a s i s  of (1.14) and ( 3 . 4 )  w e  have t h e  fol lowing boundary condi t ions  
f o r  t h e  unknown funct ions :  

e-- - 1- 

- -4-d 

.. 
>--- 

Thus, t h e  space func t ions  Z(S), Y ( S ) ,  @ ( S ) ,  and X ( E )  i n  t h e  case of a # 0 /20 - 
are found by i n t e g r a t i n g  system (3.15) using t h e  cond i t ions  (3.17). 

Some numerical  c a l c u l a t i o n s  were performed and t h e  energy c h a r a c t e r i s t i c s  
of t h e  i n t e r a c t i o n  process  w e r e  computed, i .e. ,  t h e  amount of work performed 
dur ing  t h e  expansion of t h e  column i n  oppos i t ion  t o  t h e  electrical  body f o r c e s  
(EBF), t h e  J o u l e  (hea t )  l o s s e s  i n s i d e  the  conducting gas ,  and t h e  v a r i a t i o n s  i n  

9 



t h e  i n t e r n a l  and k i n e t i c  energy. 
va lues  of t h e  c o e f f i c i e n t  r~ as a func t ion  of t h e  magnetic Reynolds number R 

( t h e  c i r c l e s  correspond t o  t h e  va lue  of k = 1.0; t h e  t r i a n g l e s  correspond t o  ' 
k = 0.5). The c o e f f i c i e n t  rl is  def ined  as t h e  r a t i o  of u s e f u l  work performed 
over  t i m e ,  from t = 0 t o  t = a, t o  t h e  i n i t i a l  energy of t h e  column, i .e. ,  

A s  an example, t h e  f i g u r e  i l l u s t r a t e s  some 

m 

where Aw and &, are t h e  work i n  oppos i t ion  t o  t h e  EBF and t h e  amount of Jou le  
l o s s e s  i n  t h e  ind ica t ed  t i m e  i n t e r v a l ,  while  Wo and Uo are t h e  k i n e t i c  and t h e  

i n t e r n a l  energy a t  t h e  i n i t i a l  moment 

- -. * -- - 

of t i m e ,  r e spec t ive ly .  

The express ions  f o r  t h e  energy quant i -  
t i e s  Aw, &,, W, and U are n o t  given h e r e  
s i n c e  they are e a s i l y  obta ined  from t h e  
very sense  of t h e s e  q u a n t i t i e s .  

The dependences obta ined  f o r  o t h e r  
va lues  of parameters&,  n, q ,  and k i n  
o t h e r  cases (a = 0 and a Z 0)  are analog- 
ous t o  those  given h e r e ,  only t h e  permissi-  
b l e  i n t e r v a l  of change of Rm (at certain 

o 4 z 4 1) l i e s  i n  a reg ion  of l a r g e r  
values  f o r  s m a l l  q ,  and t h e r e f o r e ,  t h e  
values  of T-I i n  t h i s  i n t e r v a l  are p o s i t i v e  
everywhere. 

It is  evident  from t h e  graphs t h a t  
f o r  c e r t a i n  va lues  of R t h e  d i f f e r e n c e  . m  

A, - &, 
EBF is  p o s i t i v e  i n  t h i s  case. A similar phenomenon w a s  ob ta ined  i n  [2]  f o r  a 
case when t h e r e  w a s  no magnetic f i e l d  i n s i d e  t h e  column a t  t h e  i n i t i a l  moment 
of t i m e ,  and t h e  i n t e n s i t y  of t h e  magnetic f i e l d  on t h e  boundary of t h e  column 
w a s  n o t  equa l  t o  zero.  

becomes nega t ive ,  a l though t h e  work Am performed i n  oppos i t ion  t o  t h e  

The presented  d a t a  i n d i c a t e  t h a t  a s i m i l a r  phenomenon may t a k e  p l a c e  a l s o  
i n  t h e  case of continuous i n i t i a l  d i s t r i b u t i o n  of t h e  magnetic f i e l d  i n s i d e  and 
on t h e  boundary of t h e  column ( t h e  i n i t i a l  d i s t r i b u t i o n  of t h e  magnetic f i e l d  i n  
t h i s  case i s  determined by t h e  func t ion  Z(E)) .  

It should be  emphasized t h a t  i n  t h i s  work, as w e l l  as i n  r e fe rence  [ 2 ] ,  a l l  
t h e  energy q u a n t i t i e s  r e f e r  t o  a t i m e  i n t e r v a l  which begins  a t  a certain "ini- 
t i a l "  moment, and t h e  process  of ob ta in ing  t h i s  i n i t i a l  s ta te  and i t s  energy 
c h a r a c t e r i s t i c s  i s  no t  considered. 
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